
























ELLIPTIC GENERA OF LEVEL N FOR COMPLETE
INTERSECTIONS
JIANBO WANG, YUYU WANG, ZHIWANG YU
Abstract. We study the elliptic genera of level N at the cusps of Γ1(N) for any
complete intersection. These genera are described as the summations of generalized
binomial coefficients, where each generalized binomial coefficient is related to the
dimension and multi-degree of complete intersection. For complete intersectionXn(d),
write c1(Xn(d)) = c1x, where x ∈ H
2(Xn(d);Z) ∼= Z is a generator. We mainly discuss
the values of the elliptic genera of level N for Xn(d) in the case of c1 > 0,= 0 or < 0.
In particular, the values about the Todd genus, Â-genus and Ak-genus of Xn(d) can
be derived from the elliptic genera of level N .
1. Introduction
It is well-known that the Â-genus is an obstruction to a non-trivial circle action on
the given manifold. For example, Atiyah and Hirzebruch [1] showed that if M is a
connected 2n-dimensional spin manifold and S1 acts non-trivially and smoothly on M ,
then the Â-genus of M vanishes. There are also some other genera behaving just like
the Â-genus as obstructions to the existence of circle actions on manifolds.
If a complex manifold with the first Chern class c1 ≡ 0 (mod N) admits a non-trivial
holomorphic circle action, then the elliptic genera of level N at the cusps vanish ([10]).
Krichever showed that the Ak-genus (k > 2) vanishes if a unitary manifold admits a
non-trivial S1-action preserving its stably almost complex structure under the condition
c1 ≡ 0 (mod k)([13, Theorem 2.2]).
The Todd genus is considered as an obstruction to the existence of symplectic and
Hamiltonian symplectic circle actions on the given manifold. Fel’dman showed that
the Todd genus of a manifold admitting a symplectic circle action with isolated fixed
points is equal either to 0, in which case the action is non-Hamiltonian, or to 1, in
which case the action is Hamiltonian ([7, Theorem 1.1]). Herrera showed that the Todd
genus vanishes if there exists a holomorphic circle action on π2-finite compact complex
manifolds ([8, Corollary 3.1]).
For complete intersections, the Â-genus, Todd genus, Ak-genus and elliptic genera
of level N at the cusps of a congruence subgroup Γ ⊂ SL2(Z) of finite index can be
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calculated. It is a natural question to detect the condition under which these genera
vanish.
For any complete intersection Xn(d) := Xn(d1, . . . , dr) with d1, . . . , dr > 1, let c1 =




di, the main theorems of this paper are as follows:
Theorem 1.1. The Todd genus of Xn(d) satisfies the following properties:
(1) Td(Xn(d)) =
{
1, if c1 > 0;
1 + (−1)n, if c1 = 0.
(2) If c1 < 0, then (−1)
nTd(Xn(d)) > n+ r.
Note that, by [9, page 14], the Todd genus Td(M) for 2n-dimensional manifold M
with n odd is divisible by c1. Hence, if c1 = 0, then Td(M) vanishes.
For a compact complex manifold M , let E be a holomorphic vector bundle over M ,
K the canonical bundle over M , and let χ(M,E) be the Euler-Poincaré characteristic
of M ([9, §15]), then χ(M,K
k
N ) are the values of the elliptic genera of level N at some
cusps of Γ1(N) for 0 < k < N ([11, §7.2]).
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1, if k = 0;
0, if 0 < k < N ;
(−1)n, if k = N.






= 1 + (−1)n.




































































Note that, for the Euler-Poincaré characteristic χ(M,K
k
N ) of a compact complex
n-dimensional manifold M ,







2 ) is the Â-genus of M ;
(3) χ(M,K1−
1
k ) corresponds to the Ak-genus up to a factor k
n.
In particular, we have
Theorem 1.3. If k > 2 and
c1
k
is integral, the Ak-genus of Xn(d) satisfies the following
properties:
ELLIPTIC GENERA OF LEVEL N FOR COMPLETE INTERSECTIONS 3
(1) Ak(Xn(d)) =
{
0, if c1 > 0;
kn (1 + (−1)n) , if c1 = 0.




















is an even power series, then A2-genus is expressible in Pontrjagin numbers and hence
defined for an oriented smooth manifold ([11, §1.6]). Moreover, the characteristic power





then for a compact oriented 2n-dimensional smooth manifold M with p(TM) = (1 +































= 2n · Â(M).
This paper is organized as follows: In Section 2, we give a brief review of some classical
Hirzebruch genera and smooth projective complete intersection. The Todd genus of
a complete intersection and the proof of the main Theorem 1.1 are in Section 3; The
elliptic genera of level N and the Euler-Poincaré characteristic of a complete intersection
are discussed in Section 4. As a special case of the elliptic genera of level N , the Ak-
genus of a complete intersection and the Theorem 1.3 are also discussed in Section 4.
In Section 5, we give a proof of Theorem 4.4, which is the main part of Theorem 1.2.
2. Preliminaries
2.1. Hirzebruch genus. Let M be a compact 2n-dimensional almost complex mani-
fold. The multiplicative sequence with Q(x) = 1+ b1x+ b2x
2+ · · · as the characteristic
power series is denoted by {Kj(c1, . . . , cj)} ([11, §1.8]), where Kj(c1, . . . , cj) is a certain
rational homogeneous polynomial of degree 2j in the Chern classes of M . Define the
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Kj(c1, . . . , cj).
The K-genus of an almost complex manifold M is the evaluation of K(TM) on the
fundamental class:
K(M) = K(TM)[M ] = Kn(c1, . . . , cn)[M ].
Moreover, if we consider a formal factorization of the total Chern class c(TM) = (1 +






For a compact oriented smooth 2n-manifold M , given an even power series Q(x) =
1+a2x
2+a4x
4+· · · , there is a multiplicative sequence {Kj(p1, . . . , pj)} ([11, §1.6]), where
Kj(p1, . . . , pj) is a rational homogeneous polynomial of degree 4j in the Pontrjagin





Kj(p1, . . . , pj).
Let p(TM) = (1 + x21) · · · (1 + x
2
n) be the formal factorization of the total Pontrjagin
class, then the K-genus of an oriented smooth manifold M is the evaluation





Note that, we put K(M) = 0 if 2 ∤ n.
For example, we list some genera, the associated characteristic power series, and
multiplicative sequences in Table 1 ([9, 11, 13]).
As a generalization of elliptic genus, the elliptic genera of level N were introduced
independently by Hirzebruch [10] and Witten [18]. Furthermore, Witten conjectured
its rigidity for a complex manifold with c1 ≡ 0 (mod N) under circle actions, which
was proved by Hirzebruch [10] and Krichever [14].
Let H = {z ∈ C | Im(z) > 0} be the upper half-plane of the complex numbers, and
let N be a natural number > 1. For τ ∈ H and L = 2πi(Zτ +Z), there exists an elliptic
function h(x) with respect to x for the lattice L with divisor N · (0)−N · (α). Then α
is a nonzero N -division point of L. More precisely, α = 2πi
kτ + l
N
6= 0 for k, l ∈ Z.
Assume that h(x) = xN + higher terms. Let f(x) = N
√
h(x) = x + higher terms.
Then f is elliptic with respect to a sublattice L′ of index N in L. For fixed k and l, the
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Todd genus Td(M) td(TM)
x
1− e−x






















) (even) {Âj(p1, . . . , pj)}
For a compact almost complex manifoldM of real dimension 2n, we consider a formal
factorization of the total Chern class c(M) = (1 + x1) · · · (1 + xn), ci ∈ H
2i(M ;Z), the










which is called the elliptic genus of level N for the almost complex manifold M . The
elliptic genus of level N for a compact almost complex manifold of dimension 2n is a



































where q = e2πiτ . Then the characteristic power series corresponding to the elliptic genus
of level N is given by
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In particular, if k = 0 and (l, N) = 1, i.e. l and N are coprime, then it is a modular
























Unless otherwise stated, the elliptic genera of level N mentioned in the remainder of
this paper are modular forms on Γ1(N).
2.2. Complete intersection. A complete intersection Xn(d1, . . . , dr) ⊂ CP
n+r is a
compact complex n-dimensional manifold given by a transversal intersection of r non-
singular hypersurfaces in the complex projective space CP n+r. The unordered r-tuple
d := (d1, . . . , dr) is called the multi-degree, which denotes the degrees of the r non-
singular hypersurfaces. It is well-known that the diffeomorphism type of the real 2n-
dimensional underlying manifold of Xn(d1, . . . , dr) depends only on the multi-degree
and dimension. We always identify Xn(d1, . . . , dr, 1) with Xn(d1, . . . , dr), since the ef-
fect of omitting the degree 1 is to lower the embedding Xn(d1, . . . , dr, 1) ⊂ CP
n+r+1
to Xn(d1, . . . , dr) ⊂ CP
n+r. If the multi-degree d = (d1, . . . , dr) is clear from the con-
text, we set Xn(d) := Xn(d1, . . . , dr). By the Lefschetz hyperplane section theorem, the
inclusion Xn(d) ⊂ CP
n+r is n-connected.
Let γ be the pullback of the hyperplane bundle over CP n+r, and x = c1(γ) ∈
H2(Xn(d);Z) ∼= Z be the generator. The evaluation x
n[Xn(d)] equals the product
of degrees: d1d2 · · · dr, which is called the total degree of Xn(d). The total Chern class
and total Pontrjagin class of Xn(d) are given by [16, §7]:





















Particularly, the first Chern class is
c1(Xn(d)) =
(
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For each complete intersection, the Euler characteristic, signature, Â-genus, Todd
genus and Ak-genus can be described by the dimension and multi-degree. For more
details, please see [17].
Ewing and Moolgavkar showed that the Euler characteristic of Xn(d) satisfies
(−1)nχ(Xn(d)) > 0 for total degree > 2 ([6]). Moreover, only the Euler characteristic
of Xn(2, 2) for odd n and X1(3) vanish. If the Euler characteristic of Xn(d) is not equal
to 0, 1 or −1, then Chen gave the following formula about χ(Xn(d)) ([4]):
(−1)nχ(Xn(d)) = d1d2 · · · dr · hn [d1, d2, . . . , dr] .
where hn [d1, d2, . . . , dr] > 1 for r > 2, except n = 1, r = 2, d1 6 2, d2 6 3, or n = 1, r =
3, d1, d2, d3 6 2.
Let X2m(d) be an even dimensional complete intersection, Libgober proved that its
signature is monotone as a function on the di’s ([15]): increasing when m is even and
decreasing when m is odd. Moreover, (−1)msign(X2m(d)) > 5 except for:





sign(X2(2, 2)) = −4.
Brooks showed that, for a spin complete intersection X2m(d), its Â-genus vanishes if




di > 0 ([3]). In [17, Theorem 3.1], an explicit formula
of the Â(X2m(d)) is given, and a new proof of Â-genus vanishing under c1 > 0 can be
found in [17, Theorem 4.8].
Just inspired by the above-mentioned properties of Euler characteristic, signature
and Â-genus, this paper aims to detect the similar properties of Todd genus, elliptic
genera of level N and Ak-genera for complete intersections.
3. Todd genus of complete intersections
For the χy-characteristic of a compact complex manifold, by Atiyah-Singer index
theorem, when y = 0, the χ0-characteristic is just the Todd genus. By [9, Corollary,
page 160], the χy-characteristic of the line bundle γ
















(1 + zy)di − (1− z)di
(1 + zy)di + y(1− z)di
, (3.1)
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or equivalently the coefficient of zn+r in





(1 + z)di − 1
)
. (3.3)
Then it is easy to get the following result:



















a(a− 1)(a− 2) · · · (a− k + 1)
k!
denotes the generalized binomial coeffi-
cients and dk1 + · · ·+ dkj vanishes if j = 0.
Theorem 1.1 (1) can be directly obtained from Proposition 3.1. To prove Theorem 1.1
(2), we firstly prove two lemmas for a preparation.
Lemma 3.2. For complex hypersurface Xn(d1) with c1 = n+2−d1 < 0, its Todd genus
satisfies the following inequality:
(−1)nTd(Xn(d1)) > n + 1.

























Since c1 = n+ 2− d1 < 0,
(−1)n · Td(Xn(d1)) > (−1)
n +
(
−1 + n+ 3
n + 1
)
= (−1)n + n + 2
> n+ 1. 


















































n− l + 1
)
· (−1)lTd(Xl(dr̂)). (3.5)
Lemma 3.3. For any complete intersection Xn(d1, . . . , dr) with r > 1, d1, . . . , dr > 1




di < 0, set c
(n,ĵ)




di + dj. If c
(n,ĵ)
1 > 0
for any 1 6 j 6 r, then
(−1)nTd(Xn(d1, . . . , dr)) > n+ r.
Proof. By Proposition 3.1,














1 > 0 for 1 6 j 6 r, then −1+
∑r
i=1 di− dj 6 n+ r− 1 for 1 6 j 6 r. Hence,








−1 + d1 + · · ·+ dr
n + r
)
= 1 + (−1)n
(





(−1)nTd(Xn(d1, . . . , dr)) = (−1)
n +
(
−1 + d1 + · · ·+ dr
n + r
)
> −1 + n + r + 1
= n + r. 
For complete intersection Xn(d1, . . . , dr−1, dr), assume that the degrees satisfy that
d1 > · · · > dr−1 > dr > 1.
Proof of Theorem 1.1. (2) When r = 1, Theorem 1.1 (2) holds due to Lemma 3.2.
When r > 1, we discuss Theorem 1.1 (2) in two cases.













for 0 6 l 6 n. By induction on r, suppose that
(−1)lTd(Xl(d1, . . . , dr−1)) > l + r − 1, 0 6 l 6 n.
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For any 0 6 l 6 n,
(
dr
n− l + 1
)
> 0, so by (3.5),
(−1)nTd(Xn(d1, . . . , dr−1, dr)) > dr · (−1)
nTd(Xn(d1, . . . , dr−1))
> 2(n+ r − 1) > n+ r.
Case 2: If c
(n,r̂)




di > 0, it implies that
c
(n,ĵ)
1 > 0, if 1 6 j 6 r.
It follows from Lemma 3.3 that
(−1)nTd(Xn(d1, . . . , dr−1, dr)) > n+ r.
Above all, we complete the proof of Theorem 1.1 (2). 
4. Elliptic genus of level N for complete intersections
Firstly, let’s introduce some basic results and properties on the values of elliptic
genera of level N at the cusps, where N is a positive integer.
Theorem 4.1. [11, §7.2] Let M be a compact complex n-dimensional manifold, the
value of the elliptic genus of level N for M at the cusps of Γ1(N) are:
(1) χy(M)/(1+y)
n, where −y = e2πi
l







with 0 < k < N ,












(−1)q · hp,q is the χy-genus introduced in [11,
§5.4].
Note that we can formally consider the genus χ(M,Kr) for r ∈ Q, which is in general
no longer integral.
Proposition 4.2. For any compact complex n-dimensional manifold M , we have
(1) χy−1(M)/(1 + y















Proof. The Atiyah-Singer index theorem implies the following equality ([11, §5.4]):
χy−1(M) = Tn(y
−1; c1, . . . , cn)[M ].
According to the arguments in [9, page 15]),
Tn(y
−1; c1, . . . , cn)[M ] =
(







(1 + y−1)−n · (−y)−n · Tn(y; c1, . . . , cn)
)
[M ]





· Tn(y; c1, . . . , cn)
)
[M ]
= (−1)nχy(M)/(1 + y)
n.


























































Since Â(TM) is a polynomial on Pontrjagin classes, all monomials in Â(TM) belong






































For complete intersection Xn(d) with d = (d1, . . . , dr), the canonical bundle of Xn(d)





di is the coefficient of the first Chern class of Xn(d) as in (2.1). Then by
(3.1), we have




























Based on (4.1), we can prove the following theorem, which is the main part of The-
orem 1.2.




di, if c1 ≡ 0






with 0 6 k 6 N satisfy the following properties:
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0, if 0 < k < N ;
1, if k = 0;
(−1)n, if k = N.






= 1 + (−1)n.



























By combining Theorem 4.4 and Proposition 4.2, Theorem 1.2 holds. The proof of
Theorem 4.4 will be presented in Section 5.
Note that for k = N , the condition c1 ≡ 0 (mod N) is unnecessary in the proof of
Theorem 4.4. Moreover, by Proposition 4.2,
χ(Xn(d), K) = (−1)
nχ(Xn(d)).
By the Hirzebruch-Riemann-Roch theorem,
χ(Xn(d)) = Td(Xn(d)),
thus we have




1, if c1 > 0;
1 + (−1)n, if c1 = 0.







Observe that, under c1 < 0, (−1)
nTd(Xn(d)) has different lower bounds in Corol-
lary 4.5 and Theorem 1.1.
Since χ(M,K
1
2 ) = Â(M), Theorem 4.4 implies that
Corollary 4.6. For any complete intersection Xn(d) with c1 even, the Â-genus of Xn(d)
satisfies the following properties:
Â(Xn(d)) =
{
0, if c1 > 0 or n is odd;








, if c1 < 0 and n is even.
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By the calculations in [17, Example 5.8] or [13, Corollary 2, page 794], the Ak-genus of









(1 + z)di − 1
)
, (4.2)




di. More precisely, we have
















Note that, the A1-genus is just the Todd genus. Comparing (3.3) and (4.2), it is easy
to get the following property.
Proposition 4.8. The Ak-genus of Xn(d) and the Todd genus of Xl(d) with 0 6 l 6 n















Let M be a compact complex manifold of dimension n. Since the power series corre-







e−(k−1)x, k > 2,









Hence, we get the following result:




di. If k > 2
and c1 ≡ 0 (mod k), the Ak-genus of Xn(d) satisfies the following properties:
(1) Ak(Xn(d)) =
{
0, if c1 > 0;
kn(1 + (−1)n), if c1 = 0.
















Remark 4.10. The results in this paper yields no more information about the S1-action
on complete intersections viewed as complex manifolds. For example, only under c1 < 0,
the automorphism group of holomorphic transformation on Xn(d) is finite ([12, Chapter
III Theorem 2.1]), then there exists no non-trivial S1-action preserving the complex
structure on Xn(d). Moreover, as shown in [2, Theorem 3.1], for Xn(d) with n > 2, the
automorphism group is zero-dimensional except for the quadric Xn(2) and the complex
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projective spaces. In other words only the homogeneous complete intersections admit
a non-trivial circle action preserving the complex structure ([5]). In contrast, there is
relatively little known results about the smooth S1-action on complete intersections.
For more details please see [5].
5. Proof of Theorem 4.4




di > 0 and c1 ≡ 0 (mod N), when




c1 − 1 + dk1 + · · ·+ dkj < n+ r.



























(−1)n+r, which holds corresponding to j = 0. So χ (Xn(d)) = 1.
When k = N , the result χ (Xn(d), K) = (−1)
n follows directly from Proposition 4.2.




di = 0, then by Proposition 3.1,
χ
(




= Td(Xn(d1, . . . , dr)) = 1 + (−1)
n.




di < 0, we mainly use the induction on the
number of degrees to prove
χ
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c1 − 1 + d1
n+ 1
)]
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=
(



























Case (3)-2: r = 2. For Xn(d1, d2), the intersection of two hypersurfaces, if c1 =
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c1 + n + 1 > n + 1.
























































where c1 = n + 3− d1 − d2.
Case (3)-3: For r > 2, without loss of generality, let’s assume that d1 > d2 > · · · >
dr > 1.
For any p, q, e satisfying 1 6 p < q 6 l < r, 0 < e < dq, suppose that
χ
(






































It is clear that (5.3) and (5.4) hold for l = 2. We aim to show that (5.4) holds for
l = r. Note that for the genus of χ
(




, the f(x) = e
k
N
x · (1 − e−x),





f(u1)f(u2)f(u3)− f(u1 + w)f(u2 − w)f(u3)
= f(u1)f(w)f(u2 − w + u3)− f(w)f(u2 − w)f(u1 + u3). (5.5)
By the virtual genus discussed in [11, page 36] or [9, §9, §11], (5.5) implies that
χ
(
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In particular, for e = 1,
χ
(
























By the induction hypothesis (5.3), the right side of (5.6) is non-negative. Hence,
χ
(










> · · ·
> χ
(



















We have completed the induction, and the Theorem 4.4 holds. 
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complétes lisse, J. Lond. Math. Soc., II. Ser. 87 (2013), no. 1, 138–156.
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